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THE CAP REPRESENTATIONS INDEXED BY HILBERT
CUSP FORMS
SHUNSUKE YAMANA
Abstract. We combine the Duke-Imamoglu-Ikeda lifting with the theta
lifting to produce new CAP representations of metaplectic, symplectic
and orthogonal groups. These constructions partially generalize the the-
ories of Waldspurger on the Shimura correspondence and of Piatetski-
Shapiro on the Saito-Kurokawa lifting to higher dimensions. Applica-
tions include a relation between Fourier coefficients of Hilbert cusp forms
of weight k + 1
2
and a weighted sum of the representation numbers of a
quadratic form of rank 2k by a quadratic form of rank 4k.
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1. Introduction
Let F be a totally real number field of degree d with ade`le ring A. We
denote the set of archimedean primes of F by S∞ and the normalized ab-
solute value by α =
∏
v αv : A
× → R×+. Define a character e : R → S by
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e(x) = e2π
√−1x. Let ψ =
∏
v ψv be the additive character of A/F such
that ψv = e for v ∈ S∞. For η ∈ F×v we define a character ψηv of Fv
by ψηv (x) = ψv(ηx) and have an 8
th root of unity γ(ψηv ) such that for all
Schwartz functions φ on Fv∫
Fv
φ(xv)ψv(ηx
2
v) dxv = γ(ψ
η
v )αv(2η)
−1/2
∫
Fv
Fφ(xv)ψv
(
−x
2
v
4η
)
dxv,
where dxv is the self-dual Haar measure on Fv with respect to the Fourier
transform Fφ(y) = ∫Fv φ(xv)ψv(xvy) dxv. Set γψv (η) = γ(ψv)/γ(ψηv ).
We denote by Mp(Wn)A the metaplectic double cover of the symplectic
group Spn(A) of rank n and by Acusp(Mp(Wn)) the space of cusp forms on
Spn(F )\Mp(Wn). Denote the inverse image of Spn(Fv) by Mp(Wn)v. Given
an irreducible infinite dimensional unitary representation πv of PGL2(Fv),
Waldspurger [41] associated a packet Mpψv1 (πv) of irreducible genuine uni-
tary representations of Mp(W1)v. This packet has cardinality two or one,
depending on whether πv is a discrete series representation or not. Thus it
can be written as Mpψv1 (πv) = {Mpψv1 (π+v ), Mpψv1 (π−v )}, where Mpψv1 (π−v ) is
interpreted as 0 if πv is not a discrete series representation.
The packet Mpψv1 (πv) is constructed by using the Howe correspondence
(associated to ψv) furnished by the dual pairs:
PGL2(Fv)
PD×v
Mp(W1)v
❳❳❳❳❳❳③
✘✘✘
✘✘✘✿
✻Jacquet-Langlands
Howe
Howe
Here Dv denotes the unique quaternion division algebra over Fv. The main
point about this diagram is that it does not commute. This is an instance
of a general feature of correspondences associated to dual pairs. If we set
π+v = πv and write π
−
v for the Jacquet-Langlands lift of πv to PD
×
v , then
Mpψv1 (π
±
v ) is the theta lift of π
±
v to Mp(W1)v.
In the first half of this paper we take n to be odd. Let Pn denote a
parabolic subgroup of Spn with Levi subgroup GL2× · · · ×GL2× SL2. The
letter p denotes a nonarchimedean prime of F . We now define the local
A-packet of irreducible genuine unitary representations of Mp(Wn)p by
Mp
ψp
n (πp) = {Mpψpn (π+p ), Mpψpn (π−p )},
where Mp
ψp
n (π
±
p ) is the unique irreducible quotient of the standard module
Ind
Mp(Wn)p
P˜n
(πp⊗γψpα(n−1)/2p )⊠ · · ·⊠(πp⊗γψpα2p)⊠(πp⊗γψpαp)⊠Mpψp1 (π±p ).
For k ∈ N we denote the discrete series representation of PGL2(R) with
extremal weights ±2k by D2k. Let D(n)ℓ (resp. D¯(n)ℓ ) denote the lowest
(resp. highest) weight representation of the real metaplectic group of rank
n with lowest (resp. highest) K-type (det)ℓ (resp. (det)−ℓ) for a positive
half-integer ℓ. Define
Mpen(D2k) = {Mpen(D+2k), Mpen(D−2k)}
3by setting
Mpen
(
D
(−1)(n−1)/2
2k
)
= D
(n)
(2k+n)/2
, Mpen
(
D
(−1)(n+1)/2
2k
)
= D¯
(n)
(2k+n)/2
.
Conjecture 1.1. If π ≃ ⊗′vπv is an irreducible cuspidal automorphic repre-
sentation of PGL2(A) such that πv ≃ D2κv for v ∈ S∞, then ⊗′vMpψvn (πǫvv )
has multiplicity 12
(
1 + ε
(
1
2 , π
)∏
v ǫv
)
in Acusp(Mp(Wn)).
When n = 1, Conjecture 1.1 is the elegant fundamental result of Wald-
spurger [41]. One source of motivation for the present work is to generalize
this result to high rank groups.
Theorem 5.7. If none of πp is supercuspidal and if κv >
n
2 for all v ∈ S∞,
then Conjecture 1.1 is true.
The genuine part of Acusp(Mp(W1)) is exhausted by the packets of this
type and elementary cuspidal theta series. But when n > 1, those rep-
resentations form a very small, exceptional class of cuspidal automorphic
representations. In particular, they are CAP with respect to Pn and not
tempered at any finite primes. If ǫv = + for all v ∈ S∞, then elements
which correspond to a lowest weight vector at every real place are Hilbert-
Siegel cusp forms of weight
(
κv +
n
2
)
v∈S∞ . Their Fourier coefficients will
have number theoretical interest (cf. Theorem 1.4).
Remark 1.2. Denote by S−π the set of nonarchimedean primes p such that
πp is the Steinberg representation. Let ǫn(πv) be defined by
ǫn(πv) =

(−1)n(n−1)/2 for v ∈ S∞,
− for v ∈ S−π ,
+ for v /∈ S∞ ∪S−π .
Provided that ε
(
1
2 , π
)∏
v ǫn(πv) = 1, Tamotsu Ikeda and the author [20]
have constructed the embedding of ⊗′vMpψvn (πǫn(πv)v ) into Acusp(Mp(Wn))
without the restriction on κv by means of its explicit Fourier expansion.
In this paper we will realize those cuspidal automorphic representations
in the packet as theta liftings from orthogonal groups of quadratic forms of
rank 2n+1. These two different constructions will yield interesting identities
of cusp forms. If
∏
v εv = 1, then the Minkowski-Hasse theorem gives a
unique equivalence class of quadratic spaces V εn of dimension 2n + 1 and
discriminant 1 which satisfy the following conditions:
• V εn (Fv) has signature (2n, 1) if v ∈ S∞ and εv = (−1)(n−1)/2;
• V εn (Fv) is negative definite if v ∈ S∞ and εv = (−1)(n+1)/2;
• V εn (Fp) is split or not according as εp = + or εp = −.
For a technical reason we suppose that κv >
n
2 for all v ∈ S∞. When
v ∈ S∞, we let SOεvn (πv) be the discrete series representation of SO(V εn , Fv)
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with Harish-Chandra parameter
(
κv +
n
2 − 1, κv + n2 − 2, . . . , κv − n2
)
. Let
SO
εp
n (πp) be the unique irreducible quotient of
Ind
SO(V εn ,Fp)
Q
εp
n
(πp ⊗ α(n−1)/2p )⊠ (πp ⊗ α(n−3)/2p )⊠ · · ·⊠ (πp ⊗ αp)⊠ πεpp ,
where Q
εp
n is a parabolic subgroup of SO(V εn , Fp) with Levi subgroup
GL2(Fp)× · · · ×GL2(Fp)× SO(V ε1 , Fp).
We here set SO−n (πp) = 0 if πp is an irreducible principal series.
In Theorem 5.6 we shall show that the following conjecture is equivalent
to Conjecture 1.1, provided that κv >
n
2 for every v ∈ S∞.
Conjecture 1.3. If π is an irreducible cuspidal automorphic representation
of PGL2(A) such that πv ≃ D2κv with κv > n2 for every v ∈ S∞, then
⊗′vSOεvn (πv) has multiplicity 1 in the space of cusp forms on SO(Vεn,A).
One of key ingredients is the special case of Conjecture 1.1 proved in [20]
(see Remark 1.2). By applying the theta lifts back and forth between the
metaplectic and odd orthogonal groups, as Waldspurger did in [41], we can
deduce the following special case of Conjecture 1.3 and Theorem 5.7.
Theorem 5.4. If none of πp is supercuspidal, then Conjecture 1.3 is true.
The nonvanishing of theta liftings can be determined by the local Howe
correspondence and the central value of a standard L-function. Extensions
of the diagram above to the case of general Wn have been obtained in the
real case by Adams and Barbasch [1] and in the p-adic case by Gan and
Savin [12]. The L-function was determined by the author [44] in complete
generality. More serious is the obstruction of its possible vanishing at the
central point. As for the representations we specifically consider, we can
overcome this difficulty by appealing to a result of Waldspurger [41, Theorem
4] (or Friedberg and Hoffstein [6]).
Conjectures 1.1 and 1.3 are special cases of Arthur’s conjecture for meta-
plectic and (non quasisplit) odd orthogonal groups (see [9]), which leads to
a partition of the set of automorphic representations into packets of various
types. Though an appropriate trace formula will establish more comprehen-
sive results, our proof is elementary and gives more precise information.
Next we take n to be even. Let SK2(πv) = {SK+2 (πv), SK−2 (πv)} be the
Saito-Kurokawa packet for PGSp2(Fv). It was first constructed by Piatetski-
Shapiro [33] using the dual pair Mp(W1)v × PGSp2(Fv) and then recon-
structed by Schmidt [35] using the dual pair GSp2(Fv)×GO(Dv):
PGL2(Fv)× PGL2(Fv)
PD×v × PD×v
Mp(W1)v
✲
Howe
PGSp2(Fv)
✘✘✘✘✘✘✾
❳❳❳
❳❳❳②
✻
Howe
Howe
The representation SK±2 (πv) is the theta lift of Mp
ψv
1 (π
±
v ) and the theta lift
of π±v ⊠1l. Though the similitude groups are more suitable, we here consider
5the isometry groups. We denote the maximal semisimple quotient of
Ind
Spn(Fp)
Qn
(πp⊗α(n−1)/2p )⊠(πp⊗α(n−3)/2p )⊠· · ·⊠(πp⊗α3/2p )⊠SK±2 (πp)|Sp2(Fp)
by Sp±n (πp), where Qn is a parabolic subgroup of Spn whose Levi subgroup
is isomorphic to GL2(Fp)× · · · ×GL2(Fp)× Sp2(Fp). Set
Sp(−1)
n/2
n (D2k) = D
(n)
(2k+n)/2
⊕ D¯(n)
(2k+n)/2
.
In the following theorem we require the nonvanishing of the central value so
the result is less complete than the metaplectic case (cf. Proposition 8.2).
Theorem 8.4. Let π be an irreducible cuspial automorphic representation
of PGL2(A) such that πv ≃ D2κv with κv ≥ n2 for every v ∈ S∞. If none of
πp is supercuspidal and L
(
1
2 , π
) 6= 0, then the multiplicity of irreducible sum-
mands of (⊗v∈S∞Sp(−1)
n/2
n (πv)) ⊗ (⊗′pSpǫpn (πp)) in the space of cusp forms
on Spn(A) is
1
2(1 + (−1)dn/2
∏
p ǫp).
If
∏
p εp = (−1)dn/2, then there is a totally positive definite quadratic
space Vεn of dimension 2n and discriminant 1 such that Vεn(Fp) is split or not
according as εp = + or εp = −. Let SQεpn denote a parabolic subgroup of
SO(Vεn, Fp) with Levi subgroup
GL2(Fp)× · · · ×GL2(Fp)× SO(Vε2 , Fp).
We write O
εp
n (πp) for the maximal semisimple quotient of
Ind
O(Vεn,Fp)
SQ
εp
n
(πp⊗α(n−1)/2p )⊠(πp⊗α(n−3)/2p )⊠· · ·⊠(πp⊗α3/2p )⊠(πεpp ⊠1l)|SO(Vε2 ,Fp)
When k ≥ n2 , we denote by O
(−1)n/2
n (D2k) the irreducible representation of
O(2n,R) whose highest weight is
(
k − n2 , k − n2 , . . . , k − n2 , 0, . . . , 0
)
, where
k − n2 occurs n times (see Section 3 for this notation).
Theorem 8.3. Let π be an irreducible cuspial automorphic representation
of PGL2(A) such that πv ≃ D2κv with κv ≥ n2 for v ∈ S∞. If none of πp is
supercuspidal and
∏
p εp = (−1)dn/2, then each irreducible summand of
Oεn(π) ≃ (⊗v∈S∞O(−1)
n/2
n (πv))⊗ (⊗′pOεpn (πp))
occurs in the space of automorphic forms on O(Vεn,A) with multiplicity one.
As an application, Theorem 9.1 identifies the Duke-Imamoglu-Ikeda lift
with a sum of theta functions, which produces an identity analogous to the
Siegel-Weil formula. Since Sp
ǫ2k(πp)
2k (πp) is equivalent to a subrepresentation
of a degenerate principal series whose degenerate Whittaker functional wξp
is unique up to scalar and can be constructed canonically as a Jacquet
integral, the ξth Fourier coefficient of a Hilbert-Siegel cusp form ϕ = ⊗vϕv ∈
⊗′vSpǫ2k(πv)2k (πv) is built out of the local quantity wξp(ϕp) and the det(2ξ)th
Fourier coefficient of a Hilbert cusp form in ⊗′vMpψv1 (πǫ1(πv)v ). On the other
hand, we obtain ϕ as a theta lift from a definite orthogonal group, which
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involves theta functions and hence the position of lattice points, etc. Our
identities thus contain a link between local and global information.
We denote the integer ring of F by o and the different of F/Q by d. Put
Symj = {z ∈Mj | tz = z}, Rj = {ξ ∈ Symj(F )|tr(ξz) ∈ o for z ∈ Symj(o)}.
When Q : L × L → o is a totally positive definite quadratic form, it
is one of the classical tasks of number theory to determine the number of
representations of ξ ∈ Symj(F ) by L
N(L , ξ) = ♯{(x1, . . . , xj) ∈ L j | Q(xa, xb) = 2ξab (1 ≤ a, b ≤ j)}.
Let Ξi be the finite set of isometry classes of totally positive definite even
unimodular lattices of rank 2i. To solve this problem for L ∈ Ξi, it is
sufficient to determine the sum
R(ξ, f) =
∑
L∈Ξi
f(L)
N(L, ξ)
♯O(L)
for all Hecke eigenfunctions f : Ξi → C. It is important to note that R(ξ, f)
appears in the ξth Fourier coefficient of the theta lift of f . When f : Ξ2k → C
is associated to an irreducible everywhere unramified cuspidal automorphic
representation of PGL2(A) with parallel minimal weights ±2k in the sense
of Theorem 8.3, we will give a product formula for R(ξ, f) with ξ ∈ R2k.
We denote the integer ring of Fp by op and the cardinality of the residue
field o/p by qp. The norm and the order of a fractional ideal of o are defined
by N(pi) = qip and ordp p
j = j. For η ∈ F× we write χˆη : A×/F× → {±1}
for the character corresponding to F (
√
η)/F via class field theory, denote
its conductor by dη and put
fηp =
1
2
(ordp η − ordp dη) ∈ Z, fη =
√
|NF/Q(η)|
N(dη)
∈ Q×.
We put δp(η) = 1 if
√
η ∈ Fp, δp(η) = −1 if Fp(√η) is an unramified
quadratic extension of Fp, and δp(η) = 0 if Fp(
√
η) is a ramified quadratic
extension of Fp. We define Ψp(η,X) ∈ C[X +X−1] by
Ψp(η,X) =
{
X
f
η
p +1−X−f
η
p−1
X−X−1 + q
−1/2
p δp(η)
X
f
η
p −X−f
η
p
X−X−1 if f
η
p ≥ 0,
0 if fηp < 0.
For ξ ∈ Sym2m(F ) ∩GL2m(F ) we set
D(ξ) = (−1)m det(2ξ), δp(ξ) = δp(D(ξ)), f ξp = fD(ξ)p , fξ = fD(ξ).
The Siegel series associated to ξ ∈ R2m ∩GL2m(F ) and p is defined by
bp(ξ, s) =
∑
z∈Sym2m(Fp)/Sym2m(op)
ψ′p(−tr(ξz))ν[z]−s,
7where ν[z] = [zo2mp + o
2m
p : o
2m
p ] and ψ
′
p is an arbitrarily fixed additive
character on Fp of order zero. We define the polynomial γp(ξ,X) ∈ Z[X] by
γp(ξ,X) =
1−X
1− δp(ξ)qmp X
m∏
j=1
(1− q2jp X2).
There exists a monic polynomial Fp(ξ,X) ∈ Z[X] such that
bp(ξ, s) = Fp(ξ, q
−s
p )γp(ξ, q
−s
p ), Fp(ξ,X) = q
2m+1
p X
2fξpFp(ξ, q
−2m−1
p X
−1)
(see [22, 19]). We define F˜p(ξ,X) ∈ C[X +X−1] by
F˜p(ξ,X) = X
−fξpFp(ξ, q
−(2m+1)/2
p X).
The Kohnen plus subspace S+(2k+1)/2 of the space of Hilbert cusp forms of
weight k+ 12 with respect to the congruence subgroup Γ1[d
−1, 4d] (see (9.1)
for its definition) is defined in [23] if F = Q and in Definition 13.2 of [15] in
general. One obtains the following result by taking ξth Fourier coefficients
of the identity of Corollary 9.2.
Theorem 1.4. Let π ≃ D⊠d2k ⊗ (⊗′pI(αspp , α−spp )) be an irreducible cuspidal
automorphic representation of PGL2(A). Assume that dk is even. Let f :
Ξ2k → C be a common eigenfunction of all Hecke operators whose standard
L-function is
∏2k
j=1 L
(
s+ k + 12 − j, π
)
.
(1) If L
(
1
2 , π
)
= 0, then R(ξ, f) = 0 for every ξ ∈ R2k.
(2) If L
(
1
2 , π
) 6= 0, then R(ξ, f) = 0 unless ξ ∈ R2k ∩ Sym+2k, and
R(ξ, f) = c(det(2ξ))f
(2k−1)/2
ξ
∏
p
F˜p(ξ, q
sp
p )
for every ξ ∈ R2k∩Sym+2k, where the constant c(η) satisfies c(ηa2) =
c(η)
∏
v∈S∞ sgnv(a)
k for every a ∈ F×, and
0 6= h(Z) =
∑
η
c(η)e∞(ηZ)f(2k−1)/2(−1)kη
∏
p
Ψp((−1)kη, qspp ) ∈ S+(2k+1)/2.
Remark 1.5. There are three further observations to make here.
(1) Since f and h are determined uniquely up to scalar, one gets relations
between the ratios of the various R(ξ, f) and those of c(det(2ξ)). For
example, if det ξ = det ξ′ and fξ = fξ′ = 1, then R(ξ, f) = R(ξ′, f).
(2) When F = Q, Kohnen and Zagier [24] have given an explicit formula
for c(η)2. It is noteworthy that our formula can give information on
the sign of c(η). See Theorem 12.3 of [15] for an extension of the
Kohnen-Zagier formula to Hilbert cusp forms. In particular, c(η) 6= 0
if and only if L
(
1
2 , π ⊗ χˆ(−1)
kη
)6= 0.
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(3) If f ≡ 1, then the Siegel formula [38] says that for ξ ∈ R2k ∩ Sym+2k
R(ξ, 1)∑
L∈Ξ2k
1
E(L)
=
NF/Q(det ξ)
(2k−1)/2
N(d)k(6k−1)/2
2k−1∏
j=0
πd(4k−j)/2
Γ
(4k−j
2
)d ∏
p
bp(ξ, 2k).
Acknowledgement. The author is partially supported by JSPS Grant-in-
Aid for Young Scientists (B) 26800017. We would like to thank Tamotsu
Ikeda for stimulating discussions.
Notation
We denote by N, Z, Q, R, C, R×+, S and µk the set of strictly positive
rational integers, the ring of rational integers, the fields of rational, real,
complex numbers, the groups of strictly positive real numbers, complex
numbers of absolute value 1 and kth roots of unity. We define the additive
character e : R→ S by e(x) = e2π
√−1x and the sign character sgn : R× → µ2
by sgn(t) = t/|t|. We also denote the determinant characters of orthogonal
groups by sgn. When G is a totally disconnected locally compact group or
a real Lie group, we denote the trivial representation of G by 1lG and write
S(G) for the space of Schwartz-Bruhat functions on G.
The ground field F is a totally real number field or its completion. When
F is global, we denote the ade`le ring of F by A, the set of real primes of
F by S∞ and the v-completion of F by Fv for each prime v of F . We
reserve the letter p for nonarchimedean primes of F and do not use p to
denote infinite primes. When F is local, we write Ω(F×) for the group of all
continuous homomorphisms from F× to C× and let α : F× → R×+ denote
the normalized absolute value. We define ℜµ as the unique real number
such that µα−ℜµ is unitary.
When π is a discrete series representation of GL2(F ), we write π
− for the
Jacquet-Langlands lift of π to the multiplicative group of the quaternion
division algebra over F . To be uniform, we set π+ = π.
When F is nonarchimedean, we associate to a pair of characters µ1, µ2 ∈
Ω(F×) the representation I(µ1, µ2) of GL2(F ) on the space of all smooth
functions f on GL2(F ) satisfying
f
((
a1 b
0 a2
)
g
)
= µ1(a1)µ2(a2)α(a1a
−1
2 )
1/2f(g)
for all a1, a2 ∈ F×; b ∈ F and g ∈ GL2(F ). This representation is irreducible
unless µ1µ
−1
2 ∈ {α,α−1}. Let St ⊂ I(α1/2, α−1/2) stand for the Steinberg
representation of GL2(F ).
For each positive rational integer κ we denote the discrete series represen-
tation of PGL2(R) with extremal weights ±2κ by D2κ. For η ∈ F× we write
χˆη for the character which corresponds to F (
√
η)/F via class field theory.
The root numbers of these representations are well-known.
Lemma 1.6. (1) If −12 < ℜµ < 12 , then ε
(
1
2 , I(µ, µ
−1)
)
= µ(−1).
9(2) If we put dη = [F (
√
η) : F ], then ε
(
1
2 ,St⊗ χˆη
)
= (−1)dη χˆη(−1).
(3) ε
(
1
2 ,D2κ
)
= (−1)κ.
When π ≃ ⊗′vπv is an irreducible cuspidal automorphic representation of
PGL2(A), the set Sπ consists of finite primes p of F such that πp is a discrete
series representation of PGL2(Fp) and its subsetS
−
π consists of primes p such
that πp ≃ Stp. Let G be a reductive algebraic group over F and G a finite
central covering of G(A) such that G(F ) lifts to a subgroup of G. We write
Acusp(G) for the space of cusp forms on G(F )\G and denote the multiplicity
of an abstract representation Π of G in Acusp(G) by mcusp(Π).
Part I. CAP representations for metaplectic groups
2. Theta correspondence
We review the necessary background and framework for the theta corre-
spondence for the dual pair Mp(Wn)×O(V ). For a detailed treatment one
can consult [7, 10, 30, 11, 44, 14]. Let Wn be a 2n-dimensional left vec-
tor space over F equipped with a nondegenerate skew symmetric form 〈 , 〉
and V an m-dimensional right vector space with a nondegenerate symmetric
form ( , ). The associated symplectic and orthogonal groups are denoted by
Sp(Wn) and O(V ). We take matrix representation
Spn = Sp(Wn) = {g ∈ GL2n | gJn tg = Jn}, Jn =
(
0 −1n
1n 0
)
by choosing a Witt basis of Wn. We consider the symplectic vector space
(V ⊗Wn, ( , )⊗ 〈 , 〉) of dimension 2mn. We have natural homomorphisms
Sp(Wn) →֒ Sp(V ⊗Wn) ←֓ O(V ) ←֓ SO(V ).
The groups O(V ) and Sp(Wn) form a dual pair inside Sp(V ⊗Wn).
Fix a place v of F and temporarily suppress the subscript v from notation.
For the time being, let ψ be an arbitrarily fixed nontrivial additive charac-
ter on F = Fv . The metaplectic group Mp(Wn) is the nontrivial central
extension of Sp(Wn) by µ2. For a subgroup H of Spn we denote the inverse
image of H in Mp(Wn) by H˜.
The character ψ determines a Weil representation of the metaplectic dou-
ble cover of the ambient symplectic group Sp(V ⊗ Wn). We obtain the
representation ωψV as its pull-back to O(V )×Mp(Wn). If m is even, then ωψV
descends to a representation of O(V ) × Sp(Wn). Note that ωψ
η
V ≃ ωψηV for
η ∈ F×, where ηV is the space V equipped with the quadratic form η · ( , ).
When m is odd (resp. even) and Π is an irreducible admissible genuine
(resp. nongenuine) representation of Mp(Wn), the maximal quotient of ω
ψ
V
on which Mp(Wn) acts as a multiple of Π is of the form Π ⊠Θ
ψ
V (Π), where
ΘψV (Π) is a representation of O(V ). We set Θ
ψ
V (Π) = 0 if Π does not
occur as a quotient of ωψV . Let θ
ψ
V (Π) be the maximal semisimple quotient
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of ΘψV (Π). When σ is an irreducible admissible representation of O(V ),
we can analogously define representations Θψn(σ) and θ
ψ
n (σ) of Mp(Wn).
Then θψV (Π) and θ
ψ
n (σ) are either zero or irreducible, and Π 7→ θψV (Π) and
σ 7→ θψn (σ) are bijections converse to each other on their domains by the
Howe conjecture proved by Howe [16] and Gan–Takeda [14].
Proposition 2.1 ([1, 47, 12]). If Π is an irreducible admissible genuine
representation of Mp(Wn), then there is exactly one equivalence class of
quadratic spaces V of dimension 2n+1 and discriminant 1 such that θψV (Π)
is nonzero.
Whenm is odd, we often view θψV (Π) as a representation of SO(V ). When
m = 2n + 1 and σ is an irreducible admissible representation of SO(V ),
exactly one extension of σ to O(V ) participates in the Howe correspondence
with Mp(Wn) (see [1, 12]). We denote the unique extension by σˆ.
We go back to the global setting. Let ωψV ≃ ⊗′vωψvV be the global Weil
representation associated to ψ. There is a natural Spmn(F )-invariant map
Θ : ωψV → C. Let Π be an irreducible cuspidal automorphic representation
of Mp(Wn)A. For f ∈ Π and φ ∈ ωψV we set
θψV (h; f, φ) =
∫
Spn(F )\Spn(A)
f(g)Θ(ωψV (g, h)φ) dg.
Then θψV (f, φ) is an automorphic form on O(V ). We write θ
ψ
V (Π) for the
subspace of the space of automorphic forms on O(V ) spanned by θψV (f, φ)
for all f ∈ Π and φ ∈ ωψV . It is a simple consequence of the Howe conjecture
that if θψV (Π) is nonzero and contained in the space of square-integrable au-
tomorphic forms on O(V ), then θψV (Π) ≃ ⊗′vθψvV (Πv). Given an irreducible
cuspidal automorphic representation σ ≃ ⊗′vσv of O(V,A), one can define
its theta lift θψn (σ) to Mp(Wn)A in a similar fashion.
Refining the work of Piatetski-Shapiro and Rallis [34], Lapid and Rallis
[27] have developed a local theory of the doubling zeta integral and defined
the local factors ε(s, σv, ψv) and L(s, σv) properly. They satisfy a number
of properties which characterize them uniquely. Wee Teck Gan [8] treated
the analogous theory for metaplectic groups and defined the local factors
ε(s,Πv, ψv) and Lψv(s,Πv). Define the complete L-functions by the Euler
products L(s, σ) =
∏
v L(s, σv) and Lψ(s,Π) =
∏
v Lψv(s,Πv). If dimV =
2n+ 1 and σv = θ
ψv
V (Πv), then Corollary 11.2 of [12] gives the identities
ε(s,Πv, ψv) = ε(s, σv , ψv), Lψv(s,Πv) = L(s, σv).(2.1)
The following results were proved through the works of many authors.
Proposition 2.2. (1) Let Π be an irreducible genuine cuspidal auto-
morphic representation of Mp(Wn)A such that Lψ(s,Π) is entire and
Lψ
(
1
2 ,Π
) 6= 0. Then there is a unique equivalence class of quadratic
11
spaces V of dimension 2n + 1 and discriminant 1 such that θψV (Π)
is nonzero and cuspidal. Moreover,
mcusp(θ
ψ
V (Π)) = mcusp(Π).
(2) Let V be a quadratic space of dimension 2n+1 and discriminant 1. If
σ is an irreducible cuspidal automorphic representation of SO(V,A)
such that L(s, σ) is entire and L
(
1
2 , σ
) 6= 0, then there is a unique
extension of σ to a cuspidal automorphic representation σˆ of O(V,A)
such that θψn (σˆ) is nonzero and cuspidal. Moreover,
mcusp(θ
ψ
n (σˆ)) = mcusp(σ).
Proof. Theorem 10.1 of [44] gives the quadratic space V of dimension 2n+1
and discriminant 1 such that θψV (Π) is nonzero. Since Lψ(s,Π) is entire, if
dimU is odd, dimU ≤ 2n−1 and χU = 1, then θψU (Π) is zero by Lemma 10.2
of [44]. Thus θψV (Π) is cuspidal by the tower property of Rallis. Moreover,
the nonvanishing of θψV (Π) depends only on Π as an abstract representation,
not on the embedding of Π into Acusp(Mp(Wn)). We can apply [7, Proposi-
tion 2.14] to see that the multiplicity of θψV (Π) in θ
ψ
V (Acusp(Mp(Wn))) equals
mcusp(Π). Thus
mcusp(θ
ψ
V (Π)) ≥ mcusp(Π).
Put σ = θψV (Π). Then L(s, σ) = Lψ(s,Π) by (2.1). By assumption
L(s, σ) is entire and L
(
1
2 , σ
) 6= 0. We can find the extension σˆ of σ such that
θψn (σˆ) is an irreducible cuspidal automorphic representation of Mp(Wn)A via
the same type of reasoning. Since Π ≃ θψn (σˆ) by symmetry, Proposition 2.14
of [7] again shows that
mcusp(Π) = mcusp(θ
ψ
n (σˆ)) ≥ mcusp(σˆ) = mcusp(σ).
We have thus proved the equality. 
3. Langlands classification and theta correspondence
Let F be a local field of characteristic zero in this section. Define the Weil
index γψ as in Section 1. If P =MN is a standard parabolic subgroup of Spn
with Levi subgroupM ≃ GLn1×· · ·×GLnr×Spn0 , where n1+· · ·+nr+n0 =
n, πi is a representation of GLni(F ) and π0 is a genuine representation of
Mp(Wn0), then we can view
πψ := (π1 ⊗ γψ)⊠ · · ·⊠ (πr ⊗ γψ)⊠ π0
as a genuine representation of M˜ and we may consider the normalized in-
duced representation Ind
Mp(Wn)
P˜
πψ. When n1 = n2 = · · · = nr = 2 and
n0 ≤ 1, we will write P = Pn.
We identify the center Zn of Spn(F ) with µ2. Its inverse image Z˜n is the
center of Mp(Wn). If Π is an irreducible genuine representation of Mp(Wn),
then the central character of Π has the form γψ · zψ(Π), where zψ(Π) is a
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character of Zn. We shall regard z
ψ(Π) as ±1, depending on whether this
character is trivial or not.
Let V +1 and V
−
1 be split and anisotropic quadratic spaces of dimension 3
and discriminant 1, respectively. Let D− denote the unique quaternion divi-
sion algebra over F . Put D+ = M2(F ). Recall that SO(V
±
1 ) ≃ PD×±. Given
an irreducible infinite dimensional unitary representation π of PGL2(F ), we
write Mpψ1 (π
±) for the unique equivalence class of an irreducible admissible
genuine representation of Mp(W1) such that Mp
ψ
1 (π
±)⊠ πˆ± is a quotient of
the Weil representation ωψ
V ±1
. We formally set Mpψ1 (π
−) = 0 if π is not a
discrete series representation. For η ∈ F× we define ( ηπ) ∈ µ2 by
ε
(
1
2
, π ⊗ χˆη
)
=
( η
π
)
χˆη(−1)ε
(
1
2
, π
)
.
Theorem 2.5 of [32] says that
(3.1) Mpψ
η
1 (π
± ⊗ χˆη) = Mpψ1
(
π±(
η
π )
)
.
First we discuss the nonarchimedean case. Define quadratic spaces V ±n of
dimension 2n+1 over F by V ±n = V
±
1 ⊕Hn−1, whereHj is the split quadratic
space of dimension 2j. Let k be a nonnegative integer. Set n = 2k + 1. Let
P±n denote a parabolic subgroup of SO(V ±n ) with Levi subgroup
GL2(F )× · · · ×GL2(F )× SO(V ±1 ).
Definition 3.1. We denote by Mpψn(π
±) the Langlands quotient of
Ind
Mp(Wn)
P˜n
(π ⊗ γψαk)⊠ (π ⊗ γψαk−1)⊠ · · ·⊠ (π ⊗ γψα)⊠Mpψ1 (π±)
and by SO±n (π) the Langlands quotient of the standard module
Ind
SO(V ±n )
P±n
(π ⊗ αk)⊠ (π ⊗ αk−1)⊠ · · ·⊠ (π ⊗ α)⊠ π±.
Here Mpψn(π
−) and SO−n (π) are interpreted as 0 if π is not a discrete series.
Let x±n : SO(V ±n )→ F×/F×2 stand for the spinor norm.
Lemma 3.2. If π is an irreducible admissible unitary infinite dimensional
representation of PGL2(F ), then
θψ
V ±n
(Mpψn(π
±)) ≃ SO±n (π), zψ(Mpψn(π±)) = ±ε(1/2, π).
More generally, for η ∈ F×,
(3.2) θψ
η
V ±n
(
Mpψn
(
π±(
η
π )
))≃ SO±n (π ⊗ χˆη) ≃ SO±n (π)⊗ χˆη ◦ x±n .
Proof. The Howe correspondence is compatible with the Langlands classi-
fication by Proposition 2.1 and [12, Theorem 8.1], which proves the first
equivalence. Theorems 5.2 and 7.1 of [12] imply that
zψ(Mpψn(π
±)) = zψ(Mpψ1 (π
±)) = ±ε(1/2, π).
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Since γψ
η
/γψ = χˆη, we can deduce the second equivalence from the ex-
pression (3.1). Twisting by the character χˆη ◦ x±n commutes with parabolic
induction in view of Lemma 4.9 of [36], which proves the last equivalence. 
Let ψ = e. The symbol D
(n)
ℓ (resp. D¯
(n)
ℓ ) denotes the lowest (resp.
highest) weight representation of Mp(Wn) with lowest (resp. highest) K-
type (det)ℓ (resp. (det)−ℓ) for ℓ ∈ 12N. For an odd natural number n and
κ ∈ N we define genuine representations Mpψn(D±2κ) of Mp(Wn) by
Mpψn
(
D
(−1)(n−1)/2
2κ
)
= D
(n)
(2κ+n)/2, Mp
ψ
n
(
D
(−1)(n+1)/2
2κ
)
= D¯
(n)
(2κ+n)/2.
Irreducible representations of O(n) are parameterized by elements λ ∈ Zn
of the form λ = (a1, . . . , ak, 0, . . . , 0) or λ = (a1, . . . , ak, 1, . . . , 1, 0, . . . , 0),
where k ≤ [n2 ] and a1 ≥ a2 ≥ · · · ≥ ak ≥ 1. In the latter case 1 occurs
n− 2k times. The symbol τ(λ) denote the finite-dimensional representation
of O(n) corresponding to λ. Note that
(3.3) τ(a1, . . . , ak, 1, . . . , 1, 0, . . . , 0) ≃ τ(a1, . . . , ak, 0, . . . , 0)⊗ sgn.
We define the equivalence classes of real quadratic spaces V ±n of dimension
2n+ 1 so that V
(−1)(n−1)/2
n has signature (2n, 1) and V
(−1)(n+1)/2
n is negative
definite. For κ > n2 we define SO
±
n (D2κ) as the discrete series representation
of SO(V ±n ) with Harish-Chandra parameter(
κ+
n
2
− 1, κ + n
2
− 2, . . . , κ− n
2
)
.
Lemma 3.3 ([1]). Suppose that n is odd, ψ = e and κ > n2 .
(1) If η > 0, then θψ
η
V ±n
(Mpψn(D
±
2κ)) ≃ SO±n (D2κ).
(2) If η < 0, then θψ
η
V ∓n
(Mpψn(D
±
2κ)) ≃ SO∓n (D2κ).
(3) SOεn(D2κ)⊗ sgn ◦ xεn ≃ SOεn(D2κ).
Remark 3.4. Since D2κ ⊗ sgn ≃ D2κ and
( η
D2κ
)
= sgn(η), the equivalence
(3.2) remains valid when F = R and π ≃ D2κ.
Proof. If ℓ is a half integer greater than n, then D
(n)
ℓ and D¯
(n)
ℓ are discrete
series representations and their Harish-Chandra parameters are
(ℓ− 1, ℓ− 2, . . . , ℓ− n) and (n− ℓ, n− 1− ℓ, . . . , 1− ℓ),
respectively. Theorem 3.3 of [1] shows that θψ
t
V εn
(D
(n)
ℓ ) and θ
ψt
V −εn
(D¯
(n)
ℓ ) are
discrete series representations whose Harish-Chandra parameters are (ℓ −
1, ℓ − 2, . . . , ℓ − n), where ε = sgn(t)(−1)(n−1)/2. Letting ℓ = κ + n2 , we
obtain (1), (2). If SO(V εn ) is topologically connected, then x
ε
n is trivial. We
may therefore assume that ε = (−1)(n−1)/2 in the proof of (3). The minimal
K-type of SOεn(D2κ) is(
κ− n− 1
2
, κ− n− 1
2
, . . . , κ− n− 1
2
, 0, . . . , 0
)
∈ Z2n,
14 SHUNSUKE YAMANA
where 0 occurs n times. Thus SOεn(D2κ) and SO
ε
n(D2κ)⊗ sgn ◦ xεn have the
same minimalK-type by (3.3). Since they clearly have the same infinitesimal
character, they are equivalent (see the note added in Section 3 of [1]). 
4. Degenerate principal series and Langlands classification
We let F be a nonarchimedean local field in this section. For k ≤ n we
denote by Pnk the parabolic subgroup of Spn stabilizing a totally isotropic
subspace of Wn of dimension k. Composing a character µ ∈ Ω(F×) by
det gives a character of Mnn (F ) ≃ GLn(F ). One can define the degenerate
principal series representation Iψn (µ) = Ind
Mp(Wn)
P˜nn
µγψ.
Lemma 4.1 ([40]). Assume that n is odd. Let µ ∈ Ω(F×) and η ∈ F×.
(1) If −12 < ℜµ < 12 , then Iψn (µ) is irreducible.
(2) Iψn (χˆηα1/2) has a unique irreducible subrepresentation, which is de-
noted by Stψ
η
n .
When n = m = 1 and V has discriminant 1, the representation ωψ
η
V is
realized in S(F ) and the direct sum ωψη+ ⊕ ωψ
η
− of two irreducible represen-
tations: ωψ
η
+ (resp. ω
ψη
− ) consists of even (resp. odd) functions in S(F ).
Proposition 4.2 ([41, Propositions 4, 5, 8, 9]). (1) If µ ∈ Ω(F ) and
−12 < ℜµ < 12 , then Mpψ1 (I(µ, µ−1)+) ≃ Iψ1 (µ).
(2) If π ≃ St, then Mpψ1 (π+) ≃ ωψ− and Mpψ1 (π−) ≃ Stψ1 .
(3) If π ≃ St⊗ χˆη with η /∈ F×2, then Mpψ1 (π+) ≃ Stψ
η
1 and Mp
ψ
1 (π
−) ≃
ωψ
η
− .
(4) If ψ = e, then Mpψ1 (D
+
2k) ≃ D(1)(2k+1)/2 and Mp
ψ
1 (D
−
2k) ≃ D¯(1)(2k+1)/2.
Lemma 4.3. Let n be odd and µ ∈ Ω(F×).
(1) If −12 < ℜµ < 12 , then Iψn (µ) ≃ Mpψn(I(µ, µ−1)+).
(2) If η ∈ F× \ F×2 and π ≃ St⊗ χˆη, then Stψηn ≃ Mpψn(π+).
(3) Stψn ≃ Mpψn(St−).
Proof. These results are proved in [45]. 
5. CAP representations for odd orthogonal groups
We now work over a totally real field F . Put d = [F : Q]. Let π ≃ ⊗′vπv
be an irreducible cuspidal automorphic representation of PGL2(A) such that
πv ≃ D2κv for v ∈ S∞. Recall that ℓπ = #Sπ and ℓ−π = #S−π , where Sπ
and S−π are defined in the notation section. Throughout this section n is
odd. We associate to each function ǫ : S∞ ∪ Sπ → µ2 the irreducible
admissible genuine representation Mpψn(π
ǫ) = ⊗′vMpψvn (πǫvv ) of Mp(Wn)A
and let Mpψn(π) be the set of 2
d+ℓπ such representations of Mp(Wn)A.
Recall the identity zψp(Mp
ψp
n (π
ǫp
p )) = ǫpε
(
1
2 , πp
)
stated in Lemma 3.2.
This remains true in the archimedean case by [20, (5.2)] and Lemma 1.6(3).
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Therefore roughly half of the elements in Mpψn(π) cannot be automorphic
for the trivial reason.
Lemma 5.1. Notation being as above, if
∏
v ǫv 6= ε
(
1
2 , π
)
, then Mpψn(π
ǫ)
cannot appear in the space of automorphic forms on Mp(Wn)A.
We employ the symbol ǫn(πv) defined in Remark 1.2. Put
Ikψn(π) = ⊗′vMpψvn
(
πǫn(πv)v
)∈ Mpψn(π).
Ikeda and the author [20] have proved the special case of Conjecture 1.1
where Mpψn(π
ǫ) takes the form Ikψn(π).
Proposition 5.2. Let π ≃ ⊗′vπv be an irreducible cuspial automorphic rep-
resentation of PGL2(A). If n is odd, πv ≃ D2κv for v ∈ S∞, none of πp is
supercuspidal and ε
(
1
2 , π
)
= (−1)ℓ−π +d(n−1)/2, then mcusp(Ikψn(π)) = 1.
Remark 5.3. Note that
∏
v ǫn(πv) = (−1)ℓ
−
π +d(n−1)/2. Since πp is not super-
cuspidal, there exists χp ∈ Ω(F×p ) such that πp is equivalent to the unique
irreducible subrepresentation of I(χp, χ
−1
p ). Then
ε
(
1
2
, π
)
(−1)ℓ−π = (−1)
∑
v∈S∞
κv
∏
p
χp(−1)
by Lemma 1.6. In particular, for ξ ∈ F×
(5.1) ε
(
1
2
, π ⊗ χˆξ
)
(−1)ℓ
−
π⊗χˆξ = ε
(
1
2
, π
)
(−1)ℓ−π
∏
v∈S∞
sgnv(ξ).
Proof. Fix a totally positive element η in F . Put µp = χpχˆ
(−1)(n−1)/2η
p .
Then (−1)
∑
v∈S∞
κv
∏
p µp(−1) = 1 by assumption. Take ξ ∈ F× so that
χp = χˆ
ξ
pα
1/2
p for p ∈ Sπ. Since
Ikψn(π) ≃ (⊗v∈S∞D(n)(2κv+n)/2)⊗ (⊗p∈SπSt
ψξp
n )⊗ (⊗′p/∈SπI
ψp
n (χp))
by Lemma 4.3, Theorem 1.2 and Corollary 8.10 of [20] applied to π ⊗
χˆ(−1)(n−1)/2η say that mcusp(Ikψn(π)) = 1. 
We will construct CAP representations of orthogonal groups as theta
lifts of Ikψn(π). Then we realize the other automorphic representations in
Mpψn(π) as theta lifts of these CAP representations. If
∏
v εv = 1, then
there is a quadratic space V εn of dimension 2n + 1 and discriminant 1 such
that V εn (Fv) ≃ V εvn for all v by the Minkowski-Hasse theorem (cf. Theorem
4.4 of [37]). Let SOεn(π) = ⊗′vSOεvn (πv) be a representation of SO(V εn ,A).
Theorem 5.4. Let n be odd and π ≃ ⊗′vπv an irreducible cuspial auto-
morphic representation of PGL2(A) such that πv ≃ D2κv with κv > n2 for
v ∈ S∞ and such that none of πp is supercuspidal. Then mcusp(SOεn(π)) = 1.
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Remark 5.5. Put Sε = {v | εv = −}. The representation SOε1(π) is the
Jacquet-Langlands lift of π to PD×ε , where Dε is a quaternion algebra over
F which is ramified precisely at places in Sε (cf. Proposition 4.2).
Proof. Let xεn =
∏
v x
εv
n : SO(V
ε
n ,A) → A×/A×2 stand for the spinor norm.
Since SOεn(π) ≃ SOεn(π ⊗ χˆξ)⊗ χˆξ ◦ xεn by Lemmas 3.2 and 3.3, we see that
(5.2) mcusp(SO
ε
n(π)) = mcusp(SO
ε
n(π ⊗ χˆξ))
for all ξ ∈ F×. In light of Remark 5.3 we may impose the condition ε (12 , π) =∏
v ǫn(πv) at the cost of replacing π with π⊗χˆξ for a suitably chosen ξ ∈ F×.
Then mcusp(Ik
ψ
n(π)) = 1 by Proposition 5.2.
Take an element η ∈ F× such that (−1)(n−1)/2εvη is positive in Fv for
v ∈ S∞ and such that S−π⊗χˆη = {p | εp = −}. Then
ε
(
1
2
, π ⊗ χˆη
)
= (−1)ℓ−π +ℓ−π⊗χˆη ε
(
1
2
, π
) ∏
v∈S∞
(−1)(n−1)/2εv = 1
by (5.1). We may further assume that L
(
1
2 , π ⊗ χˆη
) 6= 0 on account of
Theorem 4 of [41]. The complete L-function
L(s, π ⊗ χˆη) = Lf (s, π ⊗ χˆη)
∏
v∈S∞
2(2π)−s−(2κv−1)/2Γ
(
s+ κv − 1
2
)
is entire and has no zeros in the right half-plane ℜs ≥ 32 . It has no zeros in
the left half-plane ℜs ≤ −12 by its functional equation. Thus Lf (s, π ⊗ χˆη)
is nonzero at s = 1 + n2 − j for j = 1, 2, . . . , n by the assumption on κ.
The finite part of the L-function of Ikψn(π) with respect to ψ
η is
Lψη
f
(s, Ikψn(π)) =
n∏
j=1
Lf
(
s+
n+ 1
2
− j, π ⊗ χˆη
)
(cf. (2.1) and Lemma 3.2). It is entire and has no zero at s = 12 . Since
D
(n)
(2κv+n)/2
and D¯
(n)
(2κv+n)/2
are discrete series representations under the con-
dition that κv >
n
2 , their L-factors are holomorphic for ℜs > 0 by Lemma
7.2 of [44]. Therefore the complete L-function of Ikψn(π) is holomorphic for
ℜs > 0. It is entire by the functional equation. Since it has no zero at
s = 12 , Proposition 2.2(1) gives a quadratic space V of dimension 2n+1 and
discriminant 1 such that θψ
η
V (Ik
ψ
n(π)) is nonzero and cuspidal. Because of
the choice of η, Lemmas 3.2, 3.3 and Proposition 4.2 show that
V ≃ V εn , θψ
η
V εn
(Ikψn(π)) ≃ SOεn(π ⊗ χˆη).
We finally see that
mcusp(SO
ε
n(π)) = mcusp(θ
ψη
V εn
(Ikψn(π))) = mcusp(Ik
ψ
n(π)) = 1
by (5.2) and the multiplicity preservation stated in Proposition 2.2. 
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Theorem 5.6. If κv >
n
2 for all v ∈ S∞, then Conjecture 1.1 is equivalent
to Conjecture 1.3.
Proof. We shall derive Conjecture 1.1 from Conjecture 1.3. The opposite
implication can be proved by a similar reasoning as in the proof of Theorem
5.4. Theorem A.2 of [32] gives η ∈ F× such that L (12 , π ⊗ χˆη) 6= 0. Let
ε : S∞ ∪ Sπ → µ2 be such that
∏
v εv = 1. By Conjecture 1.3 and (5.2)
SOεn(π ⊗ χˆη) is a cuspidal automorphic representation of SO(V εn ,A).
In the proof of Theorem 5.4 we have seen that L(s,SOεn(π ⊗ χˆη)) is en-
tire and has no zero at s = 12 . We can therefore apply Proposition 2.2(2)
to see that θψ
η
n (SO
ε
n(π ⊗ χˆη)) occurs in Acusp(Mp(Wn)) with multiplicity
one. It belongs to Mpψn(π) by Lemmas 3.2 and 3.3. Namely, we can write
θψ
η
n (SO
ε
n(π ⊗ χˆη)) = Mpψn(πεˆ) with a function εˆ : S∞ ∪Sπ → µ2. Proposi-
tion 2.1 implies that if ε 6= ε′, then εˆ 6= εˆ′. We have thus produced 2d+ℓπ−1
mutually nonequivalent irreducible cuspidal automorphic representations of
Mp(Wn)A. Lemma 5.1 forces εˆ to satisfy ε
(
1
2 , π
)
=
∏
v εˆv. 
The following result is derived as a corollary from Theorems 5.4 and 5.6.
Theorem 5.7. Let π be an irreducible cuspial automorphic representation
of PGL2(A) such that πv ≃ D2κv with κv > n2 for v ∈ S∞. If n is odd and
none of πp is supercuspidal, then mcusp(Mp
ψ
n(π
ǫ)) = 12
(
1 + ε
(
1
2 , π
)∏
v ǫv
)
.
Part II. CAP representations for symplectic groups
6. Theta correspondence revisited
Let F be a finite extension of Qp. When σ is an irreducible admissible
representation of O(V ), we write n(σ) for the smallest integer k such that
θψk (σ) is nonzero. Recall the conservation relation conjectured by Kudla and
Rallis [26] and proved by Sun and Zhu [39].
Proposition 6.1 (Sun-Zhu [39]). For every irreducible admissible represen-
tation σ of O(V ) the following identity holds:
n(σ) + n(σ ⊗ sgnO(V )) = dimV.
Let V−2 be the anisotropic quadratic space of dimension 4. Put
V+n = Hn, V−n = V−2 ⊕Hn−2
for n ≥ 2. We denote the Clifford group of Vεn by G(Vεn). Theorem 3.6(iii)
of [36] gives an isomorphism τ εn of G(Vεn)/F× onto O(Vεn). Given g ∈ O(Vεn),
take an element h ∈ G(Vεn) so that τ εn(h) = g. We denote by xεn(g) the coset
represented by νεn(h) in F
×/F×2, where the homomorphism νεn : G(Vεn) →
F× is defined in (3.4) of [36]. Clearly g 7→ xεn(g) gives a homomorphism of
O(Vεn)→ F×/F×2.
We shall describe some basic properties of theta correspondence for simil-
itudes and relate it to the usual theta correspondences for isometric groups.
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The symplectic similitude group of the symplectic space Wk is defined by
GSp(Wk) = GSpk = {g ∈ GL2k | gJk tg = λk(g)Jk},
where λk(g) is a scalar. Let λ
±
n be the similitude factor of GO(V±n ). As is
well-known, λ±n (GO(V±n )) = F×. When Π is a representation of Spn (resp.
O(V±n )) and h ∈ GSpn (resp. GO(V±n )), let Πh denote the equivalence class
of the representation g 7→ Π(h−1gh).
We shall consider the product group R = GO(V±n ) × GSp(Wk). This
group contains the subgroup
R0 = {(h, g) ∈ R | λ±n (h)λk(g) = 1}.
The Weil representation ωψV±n naturally extends to the group R0. Now con-
sider the compactly induced representation ωVǫn = c-ind
R
R0 ω
ψ
Vǫn , which is
independent of ψ as a representation of R. For any irreducible representa-
tion σ of GO(Vǫn) (resp. GSp(Wk)) the maximal σ-isotypic quotient of ωVǫn
has the form σ ⊠ Θ(σ), where Θ(σ) is a representation of GSp(Wk) (resp.
GO(Vǫn)). Further, we let θ(σ) be the maximal semisimple quotient of Θ(σ).
Then θ(σ) is irreducible whenever Θ(σ) is nonzero, and the map σ 7→ θ(σ)
is injective on its domain by the extended Howe conjecture for similitudes,
which follows from the Howe conjecture for isometry groups. The following
lemma relates the theta correspondence for isometries and similitudes.
Lemma 6.2. (1) Let σ be an irreducible representation of a similitude
group and τ a constituent of the restriction of σ to the relevant isom-
etry group. If θψ(τ) is nonzero, then θ(σ) is nonzero.
(2) If HomR(ωVǫn , σ1 ⊠ σ2) 6= 0, then there is a bijection f between irre-
ducible summands of σ1|O(Vǫn) and irreducible summands of σ2|Sp(Wn)
such that for any irreducible summand τi in the restriction of σi to
the relevant isometry group
τ2 = f(τ1)⇔ HomO(Vǫn)×Sp(Wk)(ω
ψ
Vǫn , τ1 ⊠ τ2) 6= 0.
We work over a number field F in the following proposition.
Proposition 6.3 ([44]). (1) Let Π be an irreducible cuspidal automor-
phic representation of Spn(A) such that L(s,Π) is holomorphic for
ℜs > 1 and has a pole at s = 1. Then there is a unique equiva-
lence class of quadratic spaces V of dimension 2n and discriminant
1 such that θψV (Π) is nonzero. Moreover, θ
ψ
V(Π) is cuspidal and the
multiplicity of θψV (Π) in θ
ψ
V (Acusp(Spn)) is equal to mcusp(Π).
(2) Let V be a quadratic space of dimension 2n and discriminant 1 and σ
an irreducible cuspidal automorphic representation of O(V,A) such
that L(s, σ) is entire and L(1, σ) 6= 0. Then θψn (σ) is cuspidal. More-
over, θψn (σ) is nonzero if and only if θ
ψv
n (σv) is nonzero for all v. The
multiplicity of θψn (σ) in θ
ψ
n (Acusp(O(V))) is equal to mcusp(σ).
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Proof. As in the proof of Proposition 2.2, one can deduce these results from
[44, Theorem 10.1, Lemma 10.2] and [7, Proposition 2.14]. 
7. Saito-Kurokawa representations
Let F be a p-adic field. We begin by recalling the definition and con-
struction of the Saito-Kurokawa A-packet SK2(π) on PGSp2 associated to
an irreducible admissible unitary generic representation π of PGL2(F ). Re-
call the quadratic space V +2 = V
+
1 ⊕H1 of dimension 5 and the isomorphism
PGSp2 ≃ SO(V +2 ). We consider the theta correspondence for the dual pair
Mp(W1)× PGSp2 to construct SK2(π), which is independent of ψ, by
SK2(π) = {SK+2 (π), SK−2 (π)}, SK±2 (π) = θψV +2 (Mp
ψ
1 (π
±)),
Schmidt [35] gives another way of constructing the packet SK2(π). We
employ the symbols D+ and D− defined in Section 3, which are the split
and division quaternion algebras over F . Denote the reduced norm of Dε
by Nε. Then Vε2 ≃ (Dε,Nε). We have an isomorphism
GSO(Vε2) ≃ D×ε ×D×ε /{(z, z−1) | z ∈ F×},
via the action of the latter on Dε given by (α, β) 7→ αxβ¯. Moreover, an
element of GO(Vε2) of determinant −1 is given by the conjugation action
c : x 7→ x¯ on Dε.
An irreducible representation of GSO(Vε2) is of the form σ1 ⊠ σ2, where
σi are representations of D
×
ε with equal central character. Moreover, the
action of c on representations of GSO(Vε2) is given by σ1 ⊠ σ2 7→ σ2 ⊠ σ1.
Given a representation π of PGL2(F ), let
GOε2(π) = ind
GO(Vε2 )
GSO(Vε2 ) π
ε
⊠ 1lD×ε .
The representation GOε2(π) is irreducible unless ε = − and π ≃ St.
Proposition 7.1 (Schmidt [35]). (1) SKε2(π) = θ(GO
ε
2(π)) unless ε =
− and π ≃ St.
(2) SK−2 (St) = θ(1lGO(V−2 )).
We associate to µ ∈ Ω(F×) the degenerate principal series representation
In(µ) = Ind
Spn
Pnn
µ ◦ det .
The following results are included in the paper [25] by Kudla and Rallis.
Lemma 7.2 ([25]). Assume that n is even. Let µ ∈ Ω(F×).
(1) If −12 < ℜµ < 12 , then In(µ) is irreducible.
(2) If χ2 = 1, then In(χα
1/2) has a unique irreducible subrepresentation,
which we denote by Stn(χ).
When χ is the trivial character of F×, we shall write Stn = Stn(χ).
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Lemma 7.3 ([7, 10]). (1) SK+2 (π)|Sp2 is equivalent to the Langlands quo-
tient of the standard module IndSp2
P 22
(π ⊗ α1/2).
(2) SK−2 (St)|Sp2 ≃ St2 ≃ θψ2 (1lO(V−2 )) is tempered.
(3) If π is supercuspidal or π ≃ St ⊗ χ with χ a nontrivial quadratic
character of F×, then SK−2 (π) is supercuspidal.
Proof. These assertions are stated in Proposition 5.5 of [7] (see the para-
graph after proof of [10, Theorem 8.1]). 
We assume n to be even for the remainder of this paper. Let GQn be a
parabolic subgroup of GSpn with Levi subgroup
GL2(F )× · · · ×GL2(F )×GSp2
and GQ±n a parabolic subgroup of GO(V±n ) with Levi subgroup
GL2(F )× · · · ×GL2(F )×GO(V±2 ).
Let Pn (resp. P
+
n ) denote a parabolic subgroup of Spn (resp. O(V+n )) whose
Levi subgroup is isomorphic to GL2(F )× · · · ×GL2(F ). Put
Qn = GQn ∩ Spn, Q±n = GQ±n ∩O(V±n ).
Definition 7.4. Put βk =
k2−4
8 . We denote the Langlands quotient of
Ind
GSpn
GQn
(π⊗α(n−1)/2)⊠(π⊗α(n−3)/2)⊠· · ·⊠(π⊗α3/2)⊠(SK±2 (π)⊗α−βn ◦λ2)
by SK±n (π) and denote the Langlands quotient of
Ind
GO(V±n )
GQ±n
(π⊗α(n−1)/2)⊠(π⊗α(n−3)/2)⊠· · ·⊠(π⊗α3/2)⊠(π±⊠1l)⋆⊗α−βn◦λ±2
by GO±n (π). Here SK
−
n (π) and GO
−
n (π) are interpreted as 0 if π
− = 0.
When these representations are restricted to the isometry groups, we write
Sp±n (π) = SK
±
n (π)|Spn , O±n (π) = GO±n (π)|O(V±n ).
Lemma 7.5 (cf. Theorem 8.1 of [10]). The representations Spǫn(π) and
Oǫn(π) are irreducible unless π ≃ St⊗ χ, χ2 = 1, χ 6= 1 and ǫ = −.
Proof. One can readily deduce the general case from the special case in
which n = 2. This case is proved in the proof of Theorem 8.1 of [10]. 
Lemma 7.6. (1) Sp+n (π) is equivalent to the unique irreducible quotient
of IndSpn
Pn
(π ⊗ α(n−1)/2)⊠ (π ⊗ α(n−3)/2)⊠ · · ·⊠ (π ⊗ α1/2).
(2) If −12 < ℜµ < 12 , then Sp+n (I(µ, µ−1)) ≃ In(µ).
(3) If χ2 = 1 and χ 6= 1, then Sp+n (St⊗ χ) ≃ Stn(χ).
(4) Sp−n (St) ≃ Stn.
Proof. Lemma 7.3(1) implies (1). Consequently, (2) can be seen from §6.2 of
[20]. We obtain (3) as a special case of [21, Proposition 3.11(2)]. Proposition
3.10(2) of [21] tells us that Stn is equivalent to the Langlands quotient of
IndSpn
Qn
(St⊗ α(n−1)/2)⊠ (St⊗ α(n−3)/2)⊠ · · ·⊠ (St⊗ α3/2)⊠ St2.
21
This combined with Lemma 7.3(2) proves (4). 
Given a quadratic character χ : F× → µ2, we denote the unique irre-
ducible quotient of the standard module
Ind
O(V−n )
Q−n
(St⊗ χα(n−1)/2)⊠ (St⊗ χα(n−3)/2)⊠ · · ·⊠ (St⊗ χα3/2)⊠ χ ◦ x−2
by Ξχn. When χ is trivial, we will write Ξn = Ξ
χ
n. LetQnn denote the parabolic
subgroup of O(V+n ) stabilizing a maximal totally isotropic subspace of V+n
and define the degenerate principal series representation Jn(µ) = Ind
O(V+n )
Qnn
µ.
Lemma 7.7. (1) O+n (π) is equivalent to the unique irreducible quotient
of Ind
O(V+n )
P+n
(π ⊗ α(n−1)/2)⊠ (π ⊗ α(n−3)/2)⊠ · · ·⊠ (π ⊗ α1/2).
(2) O+n (π) ≃ O+n (π)⊗ sgnO(V+n ).
(3) If χ2 = 1, then O+n (π)⊗χ◦x+n ≃ O+n (π⊗χ) and O−n (St)⊗χ◦x−n ≃ Ξχn.
(4) If χ2 = 1 and χ 6= 1, then O−n (St⊗ χ) ≃ Ξχn ⊕ Ξχn ⊗ sgnO(V−n ).
(5) If −12 < ℜµ < 12 , then O+n (I(µ, µ−1)) ≃ Jn(µ).
(6) If χ2 = 1, then O+n (St ⊗ χ) is equivalent to the unique irreducible
subrepresentation of Jn(χα
1/2).
Proof. Lemma 6.1 of [13] implies (1), from which (2) is clear. Note that
SO(Vε2) ≃ {(α, β) ∈ D×ε ×D×ε | Nε(α) = Nε(β)−1}/{(z, z−1) | z ∈ F×}.
One can observe from §7.4(B) of [36] that
xε2((α, β)) = Nε(α)F
×2 = Nε(β)F×2, xε2(c) = F
×2.
Since (1l ⊠ 1l)⋆ = 1lGO(V−2 ), we can prove (3). If χ has order 2, then
O−2 (St⊗ χ) ≃ Ind
O(V−2 )
SO(V−2 )
χ ◦ N− ⊠ 1l ≃ χ ◦ x−2 ⊕ (χ ◦ x−2 ⊗ sgnO(V−2 )),
which implies (4). The proof for (5) is similar to the proof for Lemma 7.6(2).
The last statement (6) is proved in [2] (see Theorem 8.2 of [43]). 
The following result is Proposition C.4(ii) of [11].
Proposition 7.8 ([11]). Let Q be a parabolic subgroup of O(Vǫn) with Levi
component
GLn1(F )× · · · ×GLnr(F )×O(Vǫn0), n = n0 + n1 + · · · + nr.
(1) Let σ be a Langlands quotient of a standard module
Ind
O(Vǫn)
Q (σ1 ⊗ αs1)⊠ · · ·⊠ (σr ⊗ αsr)⊠ π0,
where π0 is a tempered representation of O(Vǫn0), σi is a tempered
representation of GLni(F ) and s1 > · · · > sr > 0. If θn(σ) is
nonzero, then it is a quotient of
IndSpnP (σ1 ⊗ αs1)⊠ · · ·⊠ (σr ⊗ αsr)⊠Θψn0(π0),
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where GP is a parabolic subgroup of GSpn with Levi component
GLn1(F )× · · · ×GLnr(F )× Spn0(F ).
(2) Let Π be a Langlands quotient of a standard module
Ind
Spn−1
P ′ (σ1 ⊗ αs1)⊠ · · ·⊠ (σr ⊗ αsr)⊠ ρ0,
where P ′ is a parabolic subgroup of Spn−1(F ) with Levi component
GLn1(F )× · · · ×GLnr(F )× Spn0−1(F ), n = n0 + n1 + · · ·+ nr, n0 ≥ 1,
ρ0 is a tempered representation of Spn0−1(F ), σi is a tempered rep-
resentation of GLni(F ) and s1 > · · · > sr > 0. If θVǫn(Π) is nonzero,
then it is a quotient of
Ind
O(Vǫn)
Q (σ1 ⊗ αs1)⊠ · · ·⊠ (σr ⊗ αsr)⊠ΘψVǫn0 (ρ0).
In the following lemma we extend the theta correspondence to semisimple
representations.
Lemma 7.9. If π is an irreducible admissible unitary infinite dimensional
representation of PGL2(F ), then θ
ψ
n (GO
±
n (π)) ≃ SK±n (π).
Proof. Once we show that θψn (O±n (π)) is nonzero, Proposition 7.8(1) together
with Lemmas 7.3 and 7.7(1) prove θψn (O±n (π)) ≃ Sp±n (π). Proposition 6.1
combined with Lemma 7.7(2) shows that n(O+n (π)) = n. In particular,
θψn (O+n (π)) is nonzero.
Assume that π is a discrete series representation. Let σ be an irreducible
summand of O−n (π). Put σ′ = σ ⊗ sgnO(V−n ). Seeking a contradiction, we
suppose that θψn (σ) is zero. Then θ
ψ
n−1(σ
′) is nonzero by Proposition 6.1.
Put Π = θψn−1(σ
′). If we write Π as in Proposition 7.8(2), then since
θψV−n (Π) ≃ σ
′ by symmetry, r = n−22 , n1 = n2 = · · · = nr = 2 and π0 is
a tempered representation of SL2(F ) whose theta lift is equivalent to an
irreducible summand of (π− ⊠ 1l)⋆|O(V−2 ). If π
− 6≃ 1l, then the theta lift of
(π−⊠1l)⋆ to GL2(F ) is zero by Lemma 4.1(i) of [10], which is a contradiction
in view of Lemma 6.2(1). Thus π− ≃ 1l and hence π ≃ St and σ′ is equivalent
to the unique irreducible subrepresentation of
Ind
O(V−n )
Q−n
(π ⊗ α(n−1)/2)⊠ (π ⊗ α(n−3)/2)⊠ · · ·⊠ (π ⊗ α3/2)⊠ sgnO(V−2 ).
Since n(sgnO(V−2 )) = 4, Proposition 7.8(1) again implies that θ
ψ
n+1(σ
′) is
zero. A fortiori, θψn−1(σ
′) is zero, which is a contradiction. 
Finally we discuss the real case. Let n be an even natural number. The
direct sum D
(n)
k ⊕ D¯(n)k define a representation of PGSpn(R). For κ ∈ N we
define the representation SK
(−1)n/2
n (D2κ) of PGSpn(R) by
SK(−1)
n/2
n (D2κ) = D
(n)
(2κ+n)/2 ⊕ D¯
(n)
(2κ+n)/2.
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Let V(−1)n/2n be a positive definite quadratic space of dimension 2n. For
κ ≥ n2 let O
(−1)n/2
n (D2κ) be the irreducible representation of O
(V(−1)n/2n )
whose highest weight is
(7.1)
(
κ− n
2
, κ− n
2
, . . . , κ− n
2
, 0, . . . , 0
)
,
where κ− n2 occurs n times.
8. CAP representations for even orthogonal groups
We go back to the global setting. Our basic number field F is totally
real. Let n be an even natural number and π ≃ ⊗′vπv an irreducible cuspidal
automorphic representation of PGL2(A) such that πv ≃ D2κv for v ∈ S∞.
When ǫ : S∞∪Sπ → µ2 satisfies ǫv = (−1)n/2 for v ∈ S∞, we let SKǫn(π) =
⊗′vSKǫvn (πv) be an admissible representation of PGSpn(A).
Conjecture 8.1. mcusp(SK
ǫ
n(π)) =
1
2
(
1 + ε
(
1
2 , π
)∏
v ǫv
)
.
When n = 2, Conjecture 8.1 is the well-known result of Piatetski-Shapiro
[33] (cf. [7]). Though similitude groups may be more natural, we shall
consider the isometry groups due to the lack of suitable extensions of Lemma
7.7(3), (4) to GO(V±n ). Lemma 7.5 shows that Spǫn(π) = ⊗′vSpǫvn (πv) is
the sum of 2d+k irreducible representations as an abstract representation of
Spn(A), where k is the number of finite primes p such that p ∈ Sπ \S−π and
such that ǫp = −. Recall the sign ǫn(πv) ∈ µ2 defined in Remark 1.2.
Proposition 8.2. Let π ≃ ⊗′vπv be an irreducible cuspial automorphic rep-
resentation of PGL2(A) such that πv ≃ D2κv for every v ∈ S∞ and such
that none of πp is supercuspidal. Let
(8.1) Ikn(π) = (⊗v∈S∞D(n)(2κv+n)/2)⊗ (⊗
′
pSp
ǫn(πp)
n (πp))
be an irreducible representation of Spn(A). If ε
(
1
2 , π
)
= (−1)ℓ−π +dn/2, then
mcusp(Ikn(π)) = 1.
Proof. We retain the notation of Remark 5.3. Take ξ ∈ F× so that χp =
χˆξpα
1/2
p for p ∈ Sπ. Lemma 7.6 shows that Ikn(π) is equivalent to
(⊗v∈S∞D(n)(2κv+n)/2)⊗ (⊗p∈SπStn(χˆ
ξ
p))⊗ (⊗′p/∈SπIn(χp)).
Fix a totally positive element η in F . Put µp = χpχˆ
(−1)n/2η
p . By assumption
(−1)
∑
v∈S∞
κv
∏
p µp(−1) = 1. We can now apply [20, Theorem 1.2, Remark
6.2(1)] to π ⊗ χˆ(−1)n/2η to observe that mcusp(Ikn(π)) = 1. 
Let ε : S∞ ∪ Sπ → µ2 be a function which satisfies
∏
v εv = 1 and
εv = (−1)n/2 for v ∈ S∞. Theorem 4.4 of [37] gives rise to a quadratic
space Vεn over F whose localization at v is isometric to Vεvn for all v. Let
Oεn(π) = ⊗′vOεvn (πv) be a representation of O(Vεn,A).
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Theorem 8.3. Let π be an irreducible cuspial automorphic representation of
PGL2(A) such that πv ≃ D2κv with κv ≥ n2 for v ∈ S∞ and such that none of
πp is supercuspidal. If
∏
v εv = 1 and εv = (−1)n/2 for v ∈ S∞, then every
irreducible summand of Oεn(π) occurs in Acusp(O(Vεn)) with multiplicity one.
Proof. For p ∈ Sπ there is a quadratic character χp of F×p such that πp ≃
Stp ⊗ χp by assumption. Put
Sε = {p | εp = −}, Sεπ = Sπ ∩Sε.
Let
Ξεn(π) = (⊗p∈SεπΞ
χp
n )⊗ (⊗v/∈SεπOεn(πv))
be an irreducible representation of O(Vεn,A). Given a finite set T of places
of F of even cardinality, we can define the automorphic character sgnT :
O(Vεn,A)→ µ2 by sgnT (g) =
∏
v∈T sgnO(Vεvn )(gv). When σ is an irreducible
summand of Oεn(π), Lemma 7.7(2), (4) gives T such that σ ≃ Ξεn(π)⊗ sgnT .
Thus mcusp(σ) = mcusp(Ξ
ε
n(π)). We will show that mcusp(Ξ
ε
n(π)) = 1.
Define a homomorphism xεn : O(Vεn,A) → A×/A×2 by xεn(g) = (xεvn (gv))
for g = (gv) ∈ O(Vεn,A). The composition χˆξ ◦ xεn is an automorphic char-
acter of O(Vεn,A) for every ξ ∈ F×. If κv > n2 , then
Ξεn(π) ≃ Ξεn(π ⊗ χˆξ)⊗ χˆξ ◦ xεn
for all ξ by (3.3) and Lemma 7.7(3). If κv =
n
2 , then there is T such that
Ξεn(π) ≃ Ξεn(π ⊗ χˆξ)⊗ (χˆξ ◦ xεn)sgnT .
One sees that
mcusp(Ξ
ε
n(π)) = mcusp(Ξ
ε
n(π ⊗ χˆξ)).
In view of Remark 5.3 we may assume that ε
(
1
2 , π
)
= (−1)ℓ−π +dn/2 at the
cost of replacing π with π⊗ χˆξ for a suitably chosen ξ ∈ F×. Take a totally
positive element η ∈ F× such that S−π⊗χˆη = Sε. Put σ = π ⊗ χˆη. Since
(−1)ℓ−σ =∏p εp =∏v∈S∞ εv = (−1)dn/2,
ε
(
1
2
, π ⊗ χˆη
)
= (−1)ℓ−π +ℓ−π⊗χˆη ε
(
1
2
, π
)
= (−1)ℓ−π +dn/2ε
(
1
2
, π
)
= 1
by (5.1). Since ε
(
1
2 , σ
)
= 1 =
∏
v εv = (−1)ℓ
−
σ +dn/2, Proposition 8.2 shows
that mcusp(Ikn(σ)) = 1. We may assume that L
(
1
2 , σ
) 6= 0 on account of
Theorem 4 of [41].
Let Lf (s, Ikn(σ)) =
∏
p L(s, Sp
ǫn(σp)
n (σp)) be the finite part of the standard
L-function of Ikn(σ). Lemma 7.6 says that
Lf (s, Ikn(σ))
ζf (s)
∏n
j=1 Lf
(
s+ n+12 − j, σ
) = ∏
p∈S−σ
L(s,St2,p)
ζp(s)L
(
s+ 12 ,Stp
)
L
(
s− 12 ,Stp
) .
In the proof of Theorem 5.4 we have seen that Lf (s, σ) is nonzero at s =
n+1
2 + 1 − j for j = 1, 2, . . . , n. Thus the denominator of the left hand
side has a pole at s = 1. Since L(s,St2,p) is holomorphic for ℜs > 0 by
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Lemma 7.3(2) and [44, Lemma 7.2], the right hand side is nonzero at s = 1
and holomorphic for ℜs > 0. Thus Lf (s, Ikn(σ)) has a pole at s = 1 and
is holomorphic for ℜs > 1. Since D(n)(2κv+n)/2 is tempered, its L-factor is
holomorphic for ℜs > 0 by Lemma 7.2 of [44]. Therefore the complete
L-function of Ikn(σ) has a pole at s = 1 and is holomorphic for ℜs > 1.
Proposition 6.3(1) gives a quadratic space V of dimension 2n and discrim-
inant 1 such that θψV (Ikn(σ)) is nonzero and cuspidal. Because of the choice
of η, Proposition 7.8 shows that
V ≃ Vεn, θψVεn(Ikn(σ)) ≃ Ξ
ε
n(σ) ≃ Ξεn(π)⊗ χˆη ◦ xεn.
In particular, mcusp(Ξ
ε
n(π)) ≥ 1. Arguing as above, one can see that the
standard L-function of Ξεn(σ) is entire and has no zero at s = 1. We get
mcusp(Ξ
ε
n(π)) = mcusp(Ξ
ε
n(σ)) ≤ mcusp(θψn (Ξεn(σ))) = mcusp(Ikn(σ)) = 1
by Proposition 6.3(2). 
Theorem 8.4. Let π ≃ ⊗′vπv be an irreducible cuspial automorphic repre-
sentation of PGL2(A) such that πv ≃ D2κv with κv ≥ n2 for v ∈ S∞. If
none of πp is supercuspidal and L
(
1
2 , π
) 6= 0, then the multiplicity of irre-
ducible summands of Spǫn(π) in Acusp(Spn) is
1
2(1 + (−1)dn/2
∏
p ǫp).
Proof. Let Π be an irreducible summand of Spǫn(π). Suppose that Π is a
cuspidal automorphic representation of Spn(A). Since Sp
+
n (πv)
g ≃ Sp+n (πv)
for all g ∈ GSpn(Fv) and since D(n)k g ≃ D¯
(n)
k if g ∈ GSpn(R) with λn(g) < 0,
we may assume that Πv ≃ D(n)(2κv+n)/2 for v ∈ S∞. In the proof of Theorem
8.4 we have observed that L(s,Π) is holomorphic for ℜs > 1 and has a
pole at s = 1. Proposition 6.3(1) gives a quadratic space V of dimension 2n
and discriminant 1 such that θψV (Π) is nonzero. Since V(Fv) ≃ Vǫvn for all
v by Proposition 7.8, we have
∏
v ǫv = 1. Since θ
ψ
V (Π) is equivalent to an
irreducible summand of Oǫn(π) by Lemma 7.9, the multiplicity preservation
in Proposition 6.3(1) and multiplicity one in Theorem 8.3 show that
mcusp(Π) ≤ mcusp(θψV (Π)) = 1.
Suppose that
∏
v ǫv = 1. By Theorem 8.3 O
ǫ
n(π) is a cuspidal automorphic
representation of O(Vǫn,A). When σ is an irreducible summand of Oǫn(π),
we can show that L(s, σ) is entire and has no zero at s = 1 as in the proof
of Theorem 8.3. Proposition 6.3(2) and Lemma 7.9 show that
(⊗v∈S∞D(n)(2κv+n)/2)⊗ (⊗
′
pSp
ǫp
n (πp)) ≃ θψn (Oǫn(π))
is a cuspidal automorphic representation of Spn(A). Thus mcusp(Π) ≥ 1. 
9. Duke-Imamoglu-Ikeda lifts and theta functions
We denote the integer ring of F by o, that of Fp by op and the different of
F/Q by d =
∏
p dp. From now on we assume that dn is a multiple of 4. Then
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there exists a totally positive definite quadratic space (Vn, ( , )) of rank 2n
that is split at every finite prime. To simplify the matter, we suppose that
π is an irreducible cuspidal automorphic representation of PGL2(A) whose
archimedean component is D⊠dn with even natural number n and whose
nonarchimedean component is an irreducible principal series ⊗′pI(µp, µ−1p ).
For ease of notations we put
Spn(π) = D
(n)⊠d
n ⊗ (⊗′pIn(µp)) ≃ Ikn(π),
On(π) = 1lO(Vn,A∞) ⊗ (⊗′pJn(µp)) ≃ Oǫn(π)n (π).
(cf. (7.1), Lemmas 7.6(2) and 7.7(5)) If ε
(
1
2 , π
)
= 1, then Proposition 8.2
and Theorem 8.3 give rise to intertwining embeddings
in : Spn(π) →֒ Acusp(Spn), jn : On(π) →֒ Acusp(O(Vn)).
These intertwining maps are unique up to scalar multiple.
The Weil representation ωψVn can be realized on the space S(Vnn (A)) of
Schwartz functions on Vnn (A) with[
ωψVn
((
a b ta−1
0 ta−1
))
φ
]
(x) = ψ(bQ(x, x))α(a)nφ(xa),
[ωψVn(h)φ](x) = φ(h
−1x)
for φ ∈ S(Vnn (A)), a ∈ GLn(A), b ∈ Symn(A) and h ∈ O(Vn,A), where
Q(x) = 12((xi, xj)) ∈ Symn(A) is the matrix of inner product of the com-
ponents of x = (x1, . . . , xn) ∈ Vnn (A). Let S(Vnn (A)) be the subspace of
S(Vnn (A)) which corresponds to a polynomial Fock space at every real prime.
We shall construct a nonzero Spn(A)×O(Vn,A)-intertwining map
ϑψn = ⊗vϑψvn : ωψVn ⊗On(π)։ Spn(π)
explicitly. If v ∈ S∞, then since Θψvn (1lO(Vn,Fv)) is irreducible by Theo-
rem 4.6 of [28], we can define by Rallis’s theorem the O(Vn, Fv)-invariant
Spn(Fv)-intertwining map by
ϑψvn : ω
ψv
Vn ։ D
(n)
n →֒ In(α(n−1)/2v ), ϑψvn (g, fv) = [ωψvVn(g)fv ](0).
We call a lattice L in a quadratic space V over F even if (x, x) ∈ 2o for
every x ∈ L, and unimodular if L equals its dual lattice {x ∈ V(F ) | (x,L) ∈
o}. As is well-known, even unimodular lattices form a single genus. For
h ∈ O(V,A), we write hL for the lattice defined by (hL)p = hpLp, where we
denote the closure of L in V(Fp) by Lp. Put
KL = {h ∈ O(V,A) | hL = L}, O(L) = O(V, F ) ∩KL, E(L) = ♯O(L).
Fix an even unimodular lattice L in Vn(F ). Let Ξn denote a fixed set
of lattices that are representatives for the classes belonging to the genus
of L . We identify the finite set O(Vn, F )\O(Vn,A)/KL with Ξn via the
map h 7→ hL and regard KL -invariant automorphic forms on O(Vn,A) as
functions on the set Ξn. Its standard L-function is defined in [34, 44].
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Fix an op-basis ep,1, . . . , ep,n, fp,1, . . . , fp,n of Lp such that
(ep,i, ep,j) = 0, (fp,i, fp,j) = 0, (ep,i, fp,j) = δij .
Put ep = (ep,1, ep,2, . . . , ep,n) ∈ Vnn (Fp). Following [29], we consider the
following integral, which is absolutely convergent for ℜs ≥ n2 ,
Z(φp, s, µp) =
∫
GLn(Fp)
µp(det a)
−1φp(epa)αp(det a)s+(n−1)/2da
for φp ∈ S(Vnn (Fp)). Put
Z(φp, µp) = lim
s→n/2
LGJ(s, µ−1p ◦ detGLn)−1Z(φp, s, µp),
where LGJ(s, µ−1p ◦ detGLn) =
∏n
j=1 L
(
s + n+12 − j, µ−1p
)
is the Godement-
Jacquet L-factor of the one-dimensional representation µp ◦ det of GLn(Fp).
A simple calculation gives
Z
(
ω
ψp
Vn
((
a1 b1
ta−11
0 ta−11
)
,
(
a2 b2
ta−12
0 ta−12
))
φp, µp
)
= µp(det a1)αp(det a1)
n+1/2µp(det a2)
−1αp(det a2)n−1/2Z(φp, µp).
We can define the intertwining map ϑ
ψp
n : ω
ψp
Vn ⊗ Jn(µp)։ In(µp) by setting
ϑ
ψp
n (g, φp ⊗ fp) =
∫
Qnn(Fp)\O(Vn,Fp)
Z(ω
ψp
Vn(g, h)φp, µp)fp(h) dh.
Theorem 9.1. Let π ≃ D⊠dn ⊗ (⊗′pI(µp, µ−1p )) be an irreducible cuspidal
automorphic representation of PGL2(A). If L
(
1
2 , π
) 6= 0, then there is a
nonzero constant c such that for all φ ∈ S(Vnn (A)) and f ∈ On(π)
in(g, ϑ
ψ
n (φ⊗ f)) = c
∫
O(Vn,F )\O(Vn,A)
jn(h, f)Θ(ω
ψ
Vn(g, h)φ) dh.
Proof. As was seen in the proof of Theorem 8.4, the theta lift of On(π) is
equal to Spn(π). The Howe principle forces the map φ⊗f 7→ θψn (jn(f), φ) to
factor through the map ϑψn . It is proportional to in ◦ ϑψn by uniqueness. 
Finally, we translate our results into a more classical language. Let A∞ =
F ⊗Q R be the infinite part of the ade`le ring. The Siegel upper half space
Hm of degree m consists of all complex symmetric matrices of size m with
positive definite imaginary part. The subset Sym+m of Symm(F ) consists of
totally positive definite symmetric matrices. For fractional ideals b, c of o
we put
(9.1) Γm[b, c] =
{(
A B
C D
)
∈ Spm(F )
∣∣∣∣ A,D ∈ Mm(o)B ∈ bMm(o), C ∈ cMm(o)
}
.
We define the action of Spm(R) on Hm and the automorphy factor by
gZ = (AZ +B)(CZ +D)−1, J(g,Z) = det(CZ +D)
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for Z ∈ Hm and g =
(
A B
C D
)
∈ Spm(R). For κ ∈ Z, g = (gv) ∈ Spm(A∞)
and a C-valued function F on Hm we define a function F|κg : Hdm → C by
F|κg(Z) = F(gZ)J(g,Z)−κ ,
where gZ = (gvZv) and J(g,Z) =
∏
v J(gv ,Zv).
Define the character e∞ : Cd → C× by e∞(Z) =
∏
v∈S∞ e
2π
√−1Zv for
Z = (Zv) ∈ Cd. A holomorphic function F on Hdm is called a Hilbert-Siegel
cusp form of weight κ with respect to Γm[b, c] if F|κγ = F for all γ ∈ Γm[b, c]
and for all β ∈ Spm(F ), F|κβ has a Fourier expansion of the form
F|κβ(Z) =
∑
ξ∈Sym+m
c(ξ)e∞(tr(ξZ)).
The theta series associated to L ∈ Ξi is a Hilbert-Siegel modular form of
degree j and weight i defined by
θ
(j)
L (Z) =
∑
x∈Lj
e∞(tr(Q(x)Z)) =
∑
ξ∈Symj(F )
N(ξ, L)e∞(tr(ξZ)).
Let π ≃ D⊠d2k ⊗ (⊗′pI(αspp , α−spp )) be an irreducible cuspidal automorphic
representation of PGL2(A). Unless otherwise indicated, all terminology and
notations will follow those of Section 1. Suppose that dk is even. Let
hm(Z) =
∑
η∈Sym+1
c(η)e∞(ηZ)f(2k−1)/2(−1)mη
∏
p
Ψp((−1)mη, qspp ) ∈ S+(2k+1)/2
be an element which generates ⊗′vMpψv1 (σǫ1(σv)v ), where σ = π ⊗ χˆ(−1)
m
.
Corollary 10.1 of [20] says that the series
Fm(Z) =
∑
ξ∈R2m∩Sym+2m
c(det(2ξ))f
(2k−1)/2
ξ
∏
p
F˜p(ξ, q
sp
p )e∞(tr(ξZ))
is a Hilbert-Siegel cusp form of weight k + m with respect to Γ2m[d
−1, d]
which generates the representation Ik2m(π) defined in (8.1).
Theorem 9.1 can be made explicit with a suitable choice of test functions.
Corollary 9.2. Notation being as above, we let m = k. If f is a nonzero
KL -invariant vector in O2k(π) and L
(
1
2 , π
) 6= 0, then the sum
(9.2)
∑
L∈Ξ2k
f(L)
θ
(2k)
L (Z)
E(L)
is a nonzero Hilbert-Siegel cusp form of weight n with respect to Γ2k[d
−1, d]
and (9.2) is equal to Fk up to scalar.
Proof. We define φL = (⊗v∈S∞φ0v) ⊗ (⊗pφLp) ∈ S(V2k2k (A)) by φ0v(x) =
e−2πtr(Q(x)) for x ∈ V2k2k (Fv) and by letting φLp be the characteristic function
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of L 2kp . Observe that φLp is invariant under the action of the product
Γ2k[dp]×KLp of maximal compact subgroups, where
Γ2k[dp] =
{(
A B
C D
)
∈ Sp2k(Fp)
∣∣∣∣ A,D ∈ M2k(op)B ∈ d−1p M2k(op), C ∈ dpM2k(op)
}
,
KLp = {h ∈ O(V2k, Fp) | hLp = Lp}.
On the other hand, for v ∈ S∞, g ∈ Sp2k(Fv), h ∈ O(V2k, Fv), x ∈ V2k(Fv)
[ωψvV2k(g, h)φ
0
v ](x) = J(g,
√−112k)−2ke−2πtr(Q(x)g(
√−112k)).
Put i2k = (
√−112k, . . . ,
√−112k) ∈ Hd2k. Then
Θ(ωψV2k(g, h)φL ) = θhL (g(i2k))/J2k(g, i2k) (g ∈ Sp2k(A∞), h ∈ O(V2k,A)).
If we put Z = g(i2k), then J2k(g, i2k)θψV2k(g, f ⊗ φL ) equals the sum (9.2).
If we write f = j2k(⊗pf0p ) with KLp-invariant vector f0p ∈ J2k(αspp ), then
one can readily see that ϑ
ψp
2k (φLp⊗f0p ) is a nonzero Γ2k[dp]-invariant vector in
I2k(α
sp
p ). Since ϑ
ψv
2k (φ
0
v) is a nonzero lowest weight vector in D
(2k)
2k , Proposi-
tion 8.9 of [20] shows that i2k(ϑ
ψ
2k(φL ⊗ (⊗pf0p ))) is a nonzero Hilbert-Siegel
cusp form of weight 2k with respect to Γ2k[d
−1, d]. Since mcusp(Ik2k(π)) = 1,
the series Fk and (9.2) are equal up to scalar. 
Remark 9.3. (1) When k = 1 and F = Q, the theta lift of this type has
been studied by Yoshida [46] (cf. [35, Theorem 5.4]).
(2) The linear subspace of M12(Sp12(Z)) spanned by the theta series
associated to the 24 different Niemeier lattices is extensively studied
in [4, 31, 17, 18, 5]. It intersects the space of cusp forms in a one
dimensional subspace. Its basis vector is explicitly given in Theorem
4 of [4]. Letting F = Q and k = 6, Ikeda verified that this subspace
is spanned also by his lift F6 of the Ramanujan delta function in
Section 15 of [17].
(3) The function f can be obtained by the integral
f(L) =
∫
Γ2k[d
−1,d]\Hd2k
Fk(Z)θ(2k)L (Z)
∏
v∈S∞
(ℑZ)2kdµ,
where dµ denotes the Sp2k(A∞)-invariant top degree differential
form on Hd2k. When F = Q, we can view our identity as a refinement
of the general formula (IX.1) of [3].
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